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Abstract 


In this paper, we prove several regularity results for the heterogeneous, two-phase free boundary problems 7,(u) = Jo ( f(x, Vu) + 


(Ay (ut)? + A-(u7)?) + gu)dz — min under non-standard growth conditions. Included in such problems are heterogeneous jets and 
cavities of Prandtl-Batchelor type with y = 0, chemical reaction problems with 0 < y < 1, and obstacle type problems with y = 1. Our 
results hold not only in the degenerate case of p > 2 for p—Laplace equations, but also in the singular case of 1 < p < 2, which are 
extensions of [1]. 
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1 Introduction 


Let €) be a bounded open set in R"(n > 2), and g € L?(Q),v e WtP(Q) n L&(Q) with ^ = max{+w,0} z 0 and 
p = 2,q > n. In [1], Leitão, de Queiroz and Teixeira provided a complete description of the sharp regularity of minimizers to 
the heterogeneous, two-phase free boundary problems 


flu) = f (|Vul? + F(u) + gu)dz — min, (1) 
Q 


over the set {u € W'^?(Q) : u — y € W? (Q)}, where 
y(u) = Aput) +AU), 
y € [0, 1] is a parameter, 0 < A... < Ay < +00, and by convention, 

Fo(u) — A X(u»0) + AX fu<o}- 
The lower limiting case, i.e., y = 0, relates to jets and cavities problems. The upper case, i.e., y = 1, relates to obstacle 
type problems. The intermediary problem, i.e., 0 < y < 1, can be used to model the density of certain chemical specie, in 
reaction with a porous catalyst pellet. The authors established local C!;*— and Log-Lipschitz regularities for minimizers of 


the functional £., when y € (0, 1], q > n and y = 0,q = n in (1) respectively, see [1]. 


Problem (1) was extended to a large class of the following heterogeneous, two-phase free boundary problems in [16,17] 
| (A(|Vul) + F,(u) + gu)dz — min, 
Q 
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over the set {u e W^^(Q):u—-v € wa^ (a)y, for given functions g € L^*(Q) and y € W^^(Q) L^* (Q0) with y+ F 0, 
where W '-^ (Q) is the class of weakly differentiable functions with fẹ A(|Vu|)dz < oo. Under Lieberman's condition on A, 


which allows for a different behavior at 0 and at oo, local Log-Lipschitz continuity and local C^? —regularity of minimizers 
have been obtained for y = 0 and y € (0, 1] respectively in the setting of Orlicz spaces, see [16,17]. 


The aim of this paper is to study the heterogeneous, two-phase free boundary problems 
Tylu) = | (f(x, Vu) + Fy(u) + gu)dz — min, (2) 
Q 


over the set {u € Wi»O(Q) : u—w € we? (a)} in the framework of Sobolev spaces with variable exponents, where 
f : Q x R” — Ris a Carathéodory function having a form: 


L HP® < f(z,z) < L(1 4 |z]* (9), 


for all x € O,z € R”, with p : Q — (1, +00) a continuous function and L > 1 a constant. We establish local Log-Lipschitz 
continuity and local C!:*—regularity for minimizers of 7, with ^; = 0, and y € (0, 1] respectively. 


To the knowledge of the author, the present paper seems to be a first regularity result for the heterogeneous, two-phase free 
boundary problems (2) with p(x)—growth. It should be mentioned that a large class of functionals and identical obstacle 
problems under non-standard growth conditions have been studied in [2—5,14], which provide the reference estimates, and 
suitable localization and freezing techniques, etc., to treat the nonstandard growth exponents in the functional governed by (2). 
The results obtained in this paper are not only extensions of one-phase obstacle problems under non-standard growth conditions 
(see, e.g., [4,5]), but also a supplement of the degenerate two-phase free boundary problems studied in [1], since our results 
contain the singular case of 1 < p < 2. 


The rest of this paper is organized as follows. In section 2, we present some basic notations, definitions, assumptions, and 
the main results obtained in this paper, including existence and L??-boundedness results (Theorem 2.1), and local Holder, 
C^— and Log-Lipschitz regularities of minimizers (Theorem 2.2 - 2.4). In Section 3, we carry out the existence and 
L^? —boundedness for minimizers of the functional 7,(y € [0,1]). In Section 4, we establish the higher integrability for 
minimizers of the functional J} (^ € [0, 1]). In Section 5, we address local C?:^ —regularity for minimizers of the functional 
having a form Jo (h(Vu) + Fy(u) + gu)da with y € [0,1] (Theorem 2.2), where h satisfies certain non-standard growth 
conditions. In Section 6, we prove local C?^'^ —regularity for minimizers of the functional 7,(7 € [0,1]) (Theorem 2.3). In 
Section 7 and 8, we establish local C^? —regularity for minimizers of the functional J} (y € (0, 1]) and local Log-Lipschitz 
continuity for minimizer of Jo, (Theorem 2.4) respectively. 


2 Preliminaries and Statements 


In this paper, Q will denote an open bounded domain in R” (n > 2) and Br(x) the open ball (y € R” : |x — y| < R} with 


u(x)dax 
centre x € R”. If u is an integrable function defined on Br(x), we will set (u);,g = —EEEG 3 where |Bp(x)| is the 


Lebesgue measure of B (x). Without confusion, we will write Br and (u)g instead of Br(x) and (u);,n respectively. We 
may write C or c as a constant that may be different from each other, but independent of y. 


Let p : Q — (1,+00) be a continuous function. The variable exponent Lebesgue space LPO (Q) is defined by L"O(Q) = 
{u| u : Q — R is measurable, fo |ul?™da < +00}, with the norm lullo) = inf{A > 0; fo jee dx < 1}. The 
variable exponent Sobolev space W1:?() (Q) is defined by W^»O(Q) = {u € LPO(Q) : |Vu| € LPO (Q), with the norm 
lullwiro = Well zee ay + Vull rec (o). Define Wy? (o) as the closure of C5? (Q) in W1?()(Q). We point out that, if 
Q is bounded and p(-) satisfies (8), then the spaces LPO (Q), W120) (Q) and wi? (Q) are all separable and reflexive Banach 
spaces. || Vu|| r»c» (o) is an equivalent norm on We? (o). We refer to [8-10] for more details of the space W 9C (Q). 


In this paper, we consider the following growth, ellipticity and continuity conditions: 


f:Q xR” >R, f(z,z) is C? — continuous in x and z, and convex in z for every z, (3) 


p(x) 


= p(r) 
Lg rz * €f(zzsLüQg-|»s, (4) 
p(x) p(x 
2 


LF (@,2) — f(2o, 2)) < Luz — zoi? + |zP) + Q? + |a) 3 + ogl? + [2]?)], (5) 


for all z € R”,a and zo € Q, where L > 1, pu € [0,1], w : IR* — Rt? is a nondecreasing continuous function, vanishing at 
zero, which represents the modulus of p, 


p(x) — p(y)| < w(|z — yl) forall x,y € Q, (6) 
and satisfying lim sup w(R) log (3) < +00, thus without loss of generality, assume that 
R0 
w(R) < L|log R| ^, (7) 


for all R < 1. Moreover, we assume that 


l<p_= inf p(z) < p(x) € sup p(x) = p} < +00 forall x € Q. (8) 
T zEQ 


Let q : Q — (1, +00) be a continuous function fulfilling the conditions of the type (6) and (7). We always make the following 
assumptions on p(-) and q(-): 


1 1 


1 1 1 Eat >n, ifp- <2, 
— — < —, q(z) 2 q- foals EQ, q- > n-p trr - 
RE S — =n, ifp_ > 2. 

n D Py 


Given y € W PO (Q) n L® (NQ) and g € LYO (Q), let K = {u e WHPO(Q);u — y € We? (y). We say that a function 
u € Kis a minimizer of the functional J} (u) governed by (2) if 7,(u) € J4(v) for all v € K. 


The first result obtained in this paper concerns with the existence and L^? —boundedness of minimizers of J} (u) governed by 


(2). 


Theorem 1 Under assumptions (3)-(9), for each 0 < y < 1, there exists a minimizer uy € K of the functional J; (u) governed 
by (2). Furthermore, u, is bounded. More precisely, 


lul roto) € C(n, L, q-; pt, M; 8, ||] ro (00; gll rac (ay): 
Now let 
Hel) = | (h(Vu) + Fy(u) + gu)dz, (10) 
Q 


where h : R” — R is a C?-continuous and convex function satisfying for all z € IR", 


p(z) p(z) 


L! (p? + |e P) * < A(z) € L? + eP. (11) 


We present then the regularity properties of minimizers of the functionals Hy and J}. 


Theorem 2 Assume that (11) and (6)-(9) hold. If uy € K is a minimizer of the functional H»(y € [0,1]) governed by (10), 
then uy € CÈS (Q) for some o € (0,1). 


Theorem 3 Assume that (3)-(9) hold. If uy € K is a minimizer of the functional J,(y € [0,1]) governed by (2), then 
uy € Cy" (Q) for some a € (0,1). 


Theorem 4 Assume that (3)-(9) hold, and assume further that w(R) < LRS for some ç > et and all R < 1. The 
following statements hold true: 


(i) For each y € (0, 1], every minimizer uy of the functional J, governed by (2) is CES —continuous for some a € (0, 1). 
(ii) For each y = 0, every minimizer ug of the functional Jo governed by (2) is locally Log-Lipschitz continuous in €), and 
therefore is C9: — continuous for any a € (0, 1). 


3 Existence and L“-boundedness of minimizers 


In this section, we establish the existence and L°°-boundedness for minimizers of the functional J} (y € [0, 1]). 


Proof of Theorem 1 Firstly we consider the existence of a minimizer of the functional J}. Let Ip) = min{7,(u) : u € K}. 
Initially we claim that Jo > —oo. Indeed, for any u € K, by Poincaré's inequality there exists a positive constant C = 
C (n, p+, Q) such that 


[ulizec qo < llu — vllo + Iollrsc (o) 
€ C|Vu — Vv reso + leloa) 


< C(J|Vul|l roc oy + (Vell psc (a) + llelo) (12) 
which implies 
> I Vul sc (Q) — Z Ci|lull sc oy = lll sc tay — IVP sc (Q)? (13) 
and 
= [Vuli L»O(Q) 2 Co||ul[7; L»O(Q) IKA po^ IV: L»O(Q) (14) 
© ) where C1, C2 are positive constants depending only on n, p+, Q. 


Due to q(x) > q_, we deduce by (9) and Hólder's inequality that 


CN | f gudx 
=a Q 


<C3(p+,p—)I||9]| Ls qj ull reco qo) 


« Cibi 2 Wia — uoo dulzeeoq) 
L 20O a (Q) 
j= 
< cipi p-) (1+ QETE ) face ance a5) 
ell so oy EE Cs(6, p+, Illis: or (16) 
ell, + Cole pe MNES o 
where in the last inequality we used Young’ inequality and £ € (0, 1) will be chosen later. 
Now we consider two cases: (i) || Vu|| r»o(o) > 1, and Gi) ||Vul|rsc (o) X 1. 
(i) If || Vu]| oco (o) > 1, it follows from (4), (13) and (16) that 
u) >i | IVu[P C? da — | | gudx (17) 
Q Q 


2 L |Vai oo > | [gue 


> L^ C; ||ul75c (gy o L! (is Tae +4 Velie (2) ) — ell so (oy = Cs(€, p+, Mli ow (18) 


Choose £ € (0, 1) such that L~'C; — & > 0, then (18) yields 


Tylu) > -L (Ios, + IV vlc, B — C5 (€, p+, YES 2) 7 7%. 


(ii) If [Vul rec (o) < 1, we estimate by (4), (14) and (16) 


Tylu) >i f |Vu|? da — "n 
Q Q 


2 L''|Vullo(o = | n 
PO 


zL'OCjulz-L: (i Trog TIVE zo ) = eliullzicog; - CoE e Vlil 0D 


Choose £ € (0, 1) such that L^! C3 — £ > 0, then (19) gives 


P+ 


Iy (u) > -17 (Ilitoa y * IV OLE) - lepa 9)ligll rz Q)7 7%. 


Let us now prove existence of a minimizer of 7,(u). Let u; € K be a minimizing sequence. We shall show that (u; — v) 


(up to a subsequence) is bounded in Wo’ a ^(Q). Without loss of generality, assume that | Vu;||r»o(o) > 1 (If not, then 
II Vujllrsc (a) € 1, which implies ||u; — lan < C|Vuj — Vv|[rso(o) € C+ Cll VY|| 220 (a) < o9). Now for j > 1, 
I (uj) € Io + 1. From (17), (15) and (12) and applying Young’ inequality with e, we derive 


IVull zog, € [Iva de 


< L4) 2 | guaz 
Q 


< L(Io + 1) + LC? (ps, ||gll rac (ay) 4s lle (a); 
< Pap: (a) FIV Pll Esc (ay + Ill poco (ay) + Lo + 1), 


< FIV esl + C91  [IVv]l roc (ay + lll poo (ay), 


where Cs, Co depend only on L, Io, p+, Q, ||g]| «c» (o. Therefore, we get 


Vull sc (oy € 2C9(1 + || V] rec (o + lello). 


Thus, using Poincaré inequaltiy once more, we deduce that {u; — v) is bounded in Wo a OQ). By reflexivity, there is a 
function u € K such that, up to a subsequence, 


uj — u weakly in WLPO(Q), uj — uin LPO), uj — wae. in Q. 


With a slight modification of [12, Theorem 1.6], we deduce from (3) and (4) that 


| f(a, |Vul)da < limint f f(z,|Vu;|)dz. (20) 
Q I> JQ 


By pointwise convergence we have, in the case of 0 < y < 1, 


nc (u) + gu)dz < limit f (F 5 (uj) + guj)dz. Q1) 
Q Q 


For y = 0, recalling that A} > A... > 0, we have 


J ^-xesotz =| Axqwsopaee+ f À-X(u;«o)dz 
Q {uso} {uso} 


«f Mxtusopde + f xu corde, 
[uxo] Q 


which implies 


f A—X{u<o}dx X lim inf (f A X(u;»0) dX «f —1 
Q = jroo {u<o} Q z 


On the other hand, since u; — u a.e. in Q, it follows from the Dominated Convergence Theorem that 


| A4 045.0) dz = A+ (lim X{u;>0})dz 
Q {u>0} 


joo 
= lim AX {uj >0} di. 
j> J (u»0) 
Hence 
f (Fo(u) + gu)dz < lim int f (Foluj) + guj)dz. (22) 
Q J> Jg 


Now from (20),(21) and (22) we conclude that 


joo 


for all 0 < y < 1, which proves the existence of a minimizer under the condition of g € L40 (Q). 
Secondly, we establish the L°°—boundedness of u}, provided g € LaO (Q). Hereafter in this proof we will refer wy as u. 


Let jo :— ( sup v) be the smallest natural number above sup v. For each j > jo, we define the truncated function uj : Q — R 
on aa 


by 


y - singlu), if |u] > j, 
j — 


where sing(u) = 1 if u > 0 and sing(u) = —1 if u < 0. Define the set A; := {|u| > j}. For 0 < y < 1, in view of the 
minimality of u, we derive 


[te vois = f Gs) — fes vu) | fis uas 
Aj Q A; 
< | glu; — u)dz + | Aa (uf? — (ut) de + | A-(u;y -(ucy)dr-L|Aj. 23) 
Aj Aj Aj 
Now we estimate each integration in the right side of (23). 


[ost = ete =a f 


Ajn(u»0) 


(* — lu)dz + A, l 
Ajn{u<o} 


(«y = wy Jae 


<0. 
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f A-((u; )* — (u-)?)dz =à- 
Aj 


Ajn(ux0) 


Then we find 


For the first integration in the right side of (23), it follows 


I, 


Ei 


g(uj — u)dx =| g(j — u)da «f glu — j)dx 
Ajn{u>0} AjN{u<0} 


<2 f iul - jae. 


I 


D-us G E (y Jas 


(24) 


Q5) 


For ^; = 0 it suffices to notice that 4; > 0 and u have the same sign. By the choice of the truncated function, we know that 


1,p(- : 
(Jul — 3)* € Wo pC )(A;). Let i =1 2 zo» t= inf t(x), th = SUP HON and p*(-) = 


inequality and embedding theorem, we find 


f lg|(lu] — j)*dæ < 2llgll 20 Idul- 9) liz» qa) 
Aj L»(O-1(A;) 

el — 3)* leoc llle) 

1 B . 

[Vu] — 3)* Ineo (as if [Ag] > 1 
1l 


IV (Iul — 3)* lr» (a5 if [Ag] E 1 


€ Cl|gl rac (A; roca; 


Aj 
Cllgll nee qo] Ail 

m E 
Cll gli rao (o) A5] ^ 


IA 


dol [A5] ghe. AE: . 
|J crate 09D - "IV (ul — 3)* egeo ass if 145] > 1 
= a te m ! 
Ca (ELT 1M (ul tloa if [Aj] € 1 


ini A; etu 
< c(i + |Q|*- t (Ft) [Vull roc (4;) 


Aj Vs 
-C (Ft) [Vull neo (Aj): 


where the constant C in the last inequality depends only on p+, q_, n,Q, ||g|| «co (o5- 


Collecting (23)-(26), we obtain 


A; NTETR 
f fæ Vuyae < c (Eh) [vuleva IA 


where C depends only on p+, q_, n, Q, |lgll rac (o)- 


Now we consider two cases: (i) || Vu|| sc(4; > 1, and Gi) || Vul| ro (4;) € 1. 


j) = 


(i) If || Vull psc (4;) > 1, we estimate by (4), (27) and Young’ inequality 


IValo f, Ives 


Applying Hólder's 


(26) 


Q7) 


[| Vell rec(45) + £?^|A;l 
+ sl Vulsoqa a, * PA, 


which implies 


at) PS qy—— = ty) 
: a mee pulo oe ete 
eloa, se (Id + L?|A;|=C eat sd 


I2] 


Therefore 


T 1 1 
|A;] V 9-3 


where C depends only on L, ps, q.., n, C. |lgll rac (o) 


On the other hand, by an analogue argument as (26) and Young’ inequality, we obtain 


f dei - 5*4 sani EON tale 
A LPO (A; 


j 


if |A;|>1 
hog d 
CA *- "Iva d, if |Aj| € 1 


Ay 7n 
<C Top [Vull roc (A;) 


[aj cue rng se ete, tage 
« DUM E UJ 
scs t s o 


A, EHEH- i) äi 
-c (1M D +o (A nr 
IQ] IQ 


where in the last inequality we used (28), the constant C depends only on L, p+, q-,n, Q, |lg|| ra (o) 


Gi) If || Vu||r»c(4,;; € 1, analogously, we deduce that 


1 3 1 1 ri 1 1 
A; p— ac nz +1 p— n) A; lta 
WESTERN ý +o (ial) , 
Aj 


where the constant C depends only on L, p+, qn; €, ||g]| rac (o; 
Now combining (29) and (30), we get 


A;| pasta) Rpertü-£--3) A; 
— 4)tdz < | 
J i-o e (tat) ee | 


J 


(28) 


(29) 


(30) 


where eo = min{+,(1- + 14 4)_1_ (1- 4+ — +)—1} and C depends only on L, pz, g_, n, 9, lll za (o). Notice 


p-  q- p.—1 p- 


p_—-l 
that by (9) we have «i--L4 AE thus eo > 0. Notice also that ||u|z1(4;,) < (1 + |A| ?- ) lene) « C. 


Applying [11, Lemma 5.1], we obtain the desired result. 


Remark 1 Note that in [5], the assumption that la |Vu|P dz: X M with some M > 0 is assumed in the establishment 
of local regularity for minimizers of a functional with a form Je f (z, u, Vu)dz, while in this paper, we can show that any 
minimizer uy of Jy (u) governed by (2) is uniformly bounded in W'?\)(Q) by L® —estimates of wy. Indeed, we have 


[veras < Lf f(x, Vu4)dz 


«a (2,0) f Pear f loa) 


ELJSQ) + C(L, n, px; A; Q ||| rss (00): lll «co (ay) 
EM, 


> 


where M = M(L,n,q_,p+, 
wir (a) that ||Uy||y1.e (a) € C; where C is independent of 4. 


> 


; €. [Hl ro (o0); llgll rac (o) is a positive constant. Therefore, we conclude by uy — v € 


4 High integrability 
In this section we prove a higher integrability result for minimizers of functional in (2). 


Proposition 5 Assume that (3)-(9) hold. Let u € K be a minimizer of the functional J, governed by (2). Then there exist two 
positive constants Co and ôo < q_(1— uc) — 1, both depending only on n, p+, A+,q_-, L, M, Q, such that 


1 1 

1 PE C, 1 P_ 14-59 

(mo zu) "EO. vara e co f (14 lias ", BL 
IBral JBp/2 IBn| Jon |Bn| Jen 


for all Br € Q. 
In order to prove Proposition 4.1, we need the following iteration lemma. 


Lemma 6 [5] Let0<6<1, A>0, B20, 1 « p. € p(x) € p, < +00, and let f > 0 be a bounded function on (r, R) 
Satisfying 


f(t) <Of(s) +A dx + B, 


Br IST 


forallr € t < s € R, where h € LV (Bg). Then there exists a constant C = C (0, p4) such that 


rosc(af 


Proof of Proposition 5 Let 0 < R < Ro < land let zo € Br with BR, (£0) C Q. Let t,s € R with R <t< s< R. Let 
n € CX(Br),0 € n € 1, bea cut-off function with 7 = 1 on B+, n = 0 outside B, and |Vn| < à. We define the function 
z = u — n(u — (u)r). We deduce from (4) and minimality of u that 


h(a) p(x) 


R-r 


as B). 


ro f upas f f(a, Vu)dx 
Bt B; 
2 f(a, Vu)da 
Bs 


< [fi V2) + GG) - F, (0) + gle woz 
Bs 
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cbf yes vay ‘ax + f F,(2)—F(ujde+ f gle- ujde, 


Bs Bs Bs 


where in the last but one inequality we used the fact that if y € Wu pt ^(Q) with spt y € Q, then there holds 
J (f(x, Vu) + Fy(u) + gu)dz < f (f(z, Vu + Vo) + Flu + 9) + glu + q))dz. 
spt ie spt p 
Indeed, it follows from the minimality of u that 
| (f(x, Vu) + E) +gu)de + f (f(x, Vu) + Fy (u) + gu)da 
spty ON (spt o) 


< [ove vo E,(u - ) + g(u--))d ri " 


, Ve. 
< [ove vo F,(u+ 9) + g(u4- g))da i MAUS 
(r 


-| (f(x, Vu+ Vo) + Flu +y) + glu + y))da + v, Vu) + F,(u) + gu)dz. 
spt y 


Q\ (spt v) 

We shall estimate each integration of (32). 

faea | A- vu - Valu- (wa) Paz 

Bs Bs 
— (u)r p(x) 
<C mupate f |" DUI dg, 
B,NBs s—t 

where C = C(p4, p_) is a positive constant. 
A direct calculus shows that 

J, BO- Friar mae f (EV = tae AW f 7 - eyes 

B, B, 


«cl |z — u|"dz, 
Bs 


where C = C(\+, A_) is a positive constant. 


Then we estimate from Young’ inequality that 


[59 - 5e se f n- spas cf |" 


m 
|s — t|"dx 


u— (u)r ple) yp(zx) 
<of asc |s — t|» 0-7» dz 
s—ít B, 
p(x) 
=c j |" u— (RP eir CIB,L 
s—t 


where C = C (p+, A+) is a positive constant. 


I lo(e —u)|de < i: lell — (1) ld 


s s 


z) p(z) 
dC f (lglls - tras 
Bs 
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(32) 


Vu + Vo) + Fy(u+y) + glu + q))dz 
V 


u+ Vy) + F,(u + p) + glu + y))dx 


(33) 


(34) 


_ p(x) 3t 
sel u — QR a+ f PEST. 
s—t B, 
RPO m 
sc] 77 dx «cf (vela Jac, (35) 
2s B, 


where C = C (p4, p_) is a positive constant. 


Combining (32)-(35), we obtain 


p(x) p. 
Í \VulP?da < C \Vul?@ da + cf. ur dz + cf (: + ol? ) de, 
B, B.AB, s—t B, 
where the constant C depends only on L, p+, À+. 
Now “filling the hole”, we get 
C _ p(x) P 
1 IVu|? dz < D! |Vu|? da «f u — QR dz «f (: + li Jae, 
B, 1 + C B, B, s—t Bs 
which and Lemma 4.2 imply 
1 u—(u)p p(x) 1 p 
Lee IVu|* dz < C dz 4- C 14 |g] 7 |dz. (36) 
IBny2| J By. a B,|R-R/2 |Bn| JBp 


Let pı = min p(x), po = max p(x). By Sobolev-Poincaré's inequality, there exists v < 1 such that 


rcBmg rcBmg 
_ p(x) Z pa 
1 u—(u)R duca 1 u — (u)n dz 
|Bn| R IBa]Jg,| R 
p2—ni 
piv (p1—p2)n 1 v 
<i+ef f (Le [Tura | RUR? (ia / s) 
Br |Bn] Jn; 
1 
1 v 
Eq (ima Vujas) 4C, (37) 
|Bn| Jen 


(p1—P2)n 
where in the last inequality we used Remark 1 and the fact that, by (7), R 717 is bounded. 
Combining (36) and (37), we get 


1 
1 ¥ 1 pe aes 
— Vul?da < (aa f Vu ear) dp (1 + jal? Jaz, 
IBny2| J Bg; |Br| |Br| Jer 
where C = C(n, p+, A+, L, M, Q). We now apply Gehring's lemma (see [13]) to deduce that there exists 0 < ĝo < qi(1 — 


p — 1 such that ‘BD holds. 


5 Holder estimates for minimizers of functional H, 


In this section, we establish local C°:*—regularity for minimizers of the functional #1,(y € [0,1]) governed by (10). We 
always let v € W1?() (Br) with v — u € Wi PC) (Br) be a minimizer of the following local integral functional 


Hy(v) = i - (h(Vv) + F (v) + gv)dz, Bn(zo) € €, (38) 
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and let ((y) = $,v(xo + Ry). It is easy to check that ? is a minimizer of the functional 
A,G)- f (hve) + RF, G) + Rgiay, (39) 
Bi(0) 


in the class {ð € W180) (By): 6- RE Wo? (B,)), where p(y) = p(xg + Ry). 


Letp; = min p(x), p= max p(x). 
rE Bn(xo) rE Bn(xo) 


The following lemma is a slight version of [6, Lemma 7.1], and can be obtained by induction in the same way as in [6, Lemma 
7.1]. We omit the proof here. 


Lemma 7 Let 0 < a4 < a» and {0);} be a sequence of real positive numbers, such that 
Vier < CH rm + p. 


1 -4 
pen a 
Ed 


with C > land B > l.Ifóg < (2C) 7B “1, then we have 
v; = B= v., 
and hence in particular lim 0; = 0. 
1— 00 


Lemma 8 [1] Let (s) be a non-negative and non-decreasing function. Suppose that 


T 


$e «e (5) *«)om «came. 


for all r € R < Ro, with 0 < B < o, Cı positive constants and C», p non-negative constants. Then, for any o < D, there 
exists a constant uo = uo(C3, a, B, 0) such that if u < uo, then for allr < R < Ro it follows that 


plr) € C377, 
where C3 = C3 (C1, C2, Ro, $, 0, B) is a positive constant. 


Lemma 9 Jf ? is a minimizer of Hy governed by (39), then v is locally bounded and satisfies the estimates 


EN 
sup |Č] € e( l |o|P?2 dy + 1), (40) 
B, (0) By (0) 


and 


ud. 

P2 
sup 0 < e( | (0 )P2dy | Ao,1|?2 + 1), (41) 
Bı (0) B,(0) 


for some a > 0, where Ao, = (y € B1(0) : (y) > 0}, C = C(n, L, ps, 


> 


q4- M, Q, ||g]| paco (9) is a positive constant. 


Proof of Lemma 9 Without loss of generality, we may assume that R < 1. The proof proceeds in three steps. 
First step: De Giorgi type estimates. For any k € R, we define the sets 


Ak o = {y € B5,(0) : uly) > k}, By; = (y € B5,(0) : uly) < k}. 
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We claim that for any k € R, ? satisfies the inequalities 


- (y) — k|? 
I |Võ(y) P dy < c f o(y) - k 
Ak, Ak,r 


Ply) ids 
ay + f |r — o|P2-7 dy 
Ak 


cT 


P= 


+0. | (1+ tlie - ehe? )ay, (42) 
kyr 
and 
p v(y) —k Pu _7P2_ 
| |Va(y)PMdy = Cy PM ay + Co f |r — o|P2-7 dy 
Bho Bj. TO Bpk,- 
(43) 


P1 
«af (: + (lgl r= al) jas 
Bk, 


for any 4 < ø < T < 1, where C; = C;(L, A+, p+). Indeed, for} < o < s < t <7 € 1, let n € CX (Bi(0)) with spty C 


Bin = 1 on B,(0), |Vr| < 74 be a standard cut-off function. Set Z(y) = (y) — nw(y), where (y) = max(?(y) — k, 0}. 


In view of minimality of v, we obtain 


k,t 


se f ME f | RUE) - F9) + RG- 2» 


< e( A | —)Vo—Vn- (6 — k) dy + f (F,(2) — F,(9)) + g(Z- aav) 


f Vily) dy < f Vily) May 
k,s 


Ak,t 
<C |Và(y)|P 9) dy +C dy 
Ax,t\Ak,s Ak, t—s 
+C ? (F,(G) — Fy(v)) + g($ — v)dy, (44) 
kt 


min p(y) = pi, po = max p(y) = po. Therefore 


where C = C(f4,2) is a positive constant. We remark that pı = mi ne 
ye Bi (0) ye Bi (0) 


C = C(pi, po) = C(p1, p2). Moreover, we can let C depend only on p+. 


In view of (34) and (35), we derive 


o — B) yP(y) 
F,(Z) — F,(v)dy € C r a+c f |t — s| 77 dy, 
Ak,t Ane | $T Ak,t 
j— k [Fo BU) 

[i |g(z — )|dy < 1 uc a+c f (lg]|s — t|) 5603 dy. 

Akt Ax | 77 Ax, 
Therefore (44) becomes 
: : -k 

/ |Va(y) PMdy < C Ive(y)P ay tof E pay 

Ak,s Ak,t\Ak,s Akre $T t 


«cf r- ep ay +c | (1+ dalle — epe? Jav. 
Ax Ak,r 


“Filling the hole” and using Lemma 4.2, we obtain the desired result (42). (43) follows by an analogue argument. 
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Second step: Boundedness of ù: estimate (40). We start by showing that 


sup õ < c(d (o+)P2dy)?2 + 1). (45) 
Bio) Bi (0) 
Without loss of generality we assume that pı < n, otherwise the assertion directly follows by the Sobolev Embedding Theorem. 
For j < p <r X 1, let 7 be a function of class C§°(Bo+r), with n = 1 on B, and |Vn| € = Denoting by pj = EA the 
2 
Sobolev conjugate of pı, we introduce the quantities 
— 1 
eoi - PLEBS BUM gi e4 RM E gac+70 B 
p n pı pı n pı q-pi-1 
Thanks to assumption (9), we have po < pi, 0 > 1. 
Now we define ® p = fa; (6 — k)??dy. We claim that for arbitrary h < k there holds 
po Xe 1 1 1 z 
ye P3 
ro < Ce? ze 
SO (eam) (Foam icum t ah) 
: +4 Ce? |r _ pim (46) 
- h,r |k — h|»20 
E Indeed, as in [5, pp1413], we obtain 
" -k p(y) zl 
| (č — k)P2dy < e( | [ViP dy + | dy + Asl) Agel’, (47) 
Ak,p A, ptr A, ptr 
Pn UU» 
= where C = C (p4, p_) is a positive constant. 
Combining (42) and (47), we derive for any k € R 
$— k [P 1P» 2i Pr 
], @- sre] af roam ae f (+ olle = o7 av) 
qe) Ak,p Akr ITP kr kyr 
= ES C Ae. JP 
5 P2 
i — k|”? PL YP2 P2 
soi] : | av) + ClAk r|? H- C| Ass [P |r — p| 9275 P1 
Akr IT TP 
P2 
_P2_ P2 Pi 1 1 PL 1 PL 
+ ClAnclEIn— arm (Cf aE as prr) 
kyr 
P2 
i —k|?? PL P2 P2 
sosr(f ; av) + C]Anr||r — p2 i 
Age IT TP 
+ Or — p| T | Agel? -- C| As, |? p 
where C = C (à+, p+, q- || ll rac (o) is a positive constant. 
Next, for h < k we deduce from u — h > k — hon Ay, that 
0— P2 
Ad T (49) 
Ann lk>h 
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and, moreover, we have 


| G- aras f @- hays | (6 — h)P2dy. (50) 
Ag A 


Ak,r 


By (48)-(50), we obtain 


õ-— k|” j 6 —h|? zi P2 p2 o—h|?? B 
Pk, <c( f ——L av) (f av) ecy - on (f —— av) 
^ Ah,r k—h An, (1 P | | Ah,r k—h 
.P2 pa 0—hJ|? i 6 —h|P? p 
«ey - it ( av) +e( f ——- av) 
Ann k> h Apa ec 


1 E 1 1 1 yp2 N Pi 
< Co? Z= | P2—Y 
se (cu) (poet cue tcu 477) 
+089 |r — plrtt lo o- 
h,r p |k — h[p20* 


where C = C (Ax, p+, q—; ||g]| rac» (o)) is a positive constant. 


Our aim is now to deduce a decay estimate for the quantity 6; , to decreasing levels k on balls of increasing radii p. For this 
purpose we will take use of Lemma 5.1. Let us define the sequence of levels and radii 


k; — 2d(1 i 2771), Pi — jd + 271), 


and the quantity 


vi = d P? Dx, pi = dq”? J (o = ki)”?dy, 


Ak; Pi 


where d > 1 is a constant that will be chosen later. First, we note that 


d. ; L1. 
ki+ı — ki = <2, pi—pij12 422 ^" 
+1 2 Pi — Pi+1 A 


Exploiting (46) with the choice k = kj41, h = ki, p = ri+1, r = r; and the fact that d > 1, we derive 


Visi =d P$, 


i+1;Pi+1 


< geak a EE ( (42 + (d7 12t) P2 + (q-12* 19» (471 .2 | 


+ Cd” Of. (d Lgitl)p28 (4 1.9 DIE Pi 


P2 


d "pa i d -P2 ! . YP PL 
—C(d P3, ,, Pg OP) (5) ges (an . 2poi (5) 292 (1E (471. r5) 


EN 0 1— 1-0 d E in90 / 4—1 j- P2 Pa 
+C(d PAD pi) d p2( ) S 9ip2 (4 .9 i) p2“ Pi 


< Cid (92 791) gip28 98 + Cd? gip2 90 
< Cpr (2-9) (9P2P ET 29261 (98 +99), (51) 


where C = C(A 


RS 


, 


q=; 7, |lgll «co (o) is a positive constant. 


d. 
Next we show that with the choice d = 1+ A ( f By (0) (5+)P2dy) ^? | where we determine the quantity A a bit later, the 
hypotheses of Lemma 5.1 are fulfilled for the sequence (0;]. 
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Due to Theorem 2.1, there exists a constant C = C(M, p+) such that 


dit P2-P1) < C(M,pi, p2) (: + Aces), 
Consequently, (51) becomes 
Bini < (o + T (2728 4. P20) (gB 4.99), 


where c = c(Az, p+, q- ,n, M, pi, p2, Q, | gl] La (o5) is a positive constant. 


On the other hand, the choice of d and the fact that d > 1 immediately yield 


EPIS I (6 — d)?dy A I (pdy 1 (ü— d)dy « A”, 
Aq, B,(0) Aa 


We apply Lemma 5.1 with B = 272° +272°>1,C= ot m) »1,0«a120—1« 8—1 = a». To guarantee 


1 
— gees : , : 
that the condition Vo < (2C) «1 B ai is satisfied, we have to choose the quantity A in such a way that 


TED: p 
A-P = (20) * B "i, ie. APOD = 20p3^1 (: t ARR), (52) 


Note that, since 8 = £ + » > a we always have that p2(G — 1) > $i (p2 — pı), which guarantees that equation (52) has a 
unique solution 0 « A = A(A P; q- n, M, pi, p2, Q, lgliz) < oo. 


2 2 
In addition, we remark that global boundedness p+ for p(-) imply that p2(6 — 1) = a (=, =] and T2 (p2 — m) 


[0, a (p+ — p_)]. Furthermore, the solution A of equation (52) depends continuously on the parameters p_ and p+. 
Now Lemma 5.1 gives lim 0; = 0, which, noting that lim p; = i and lim k; = 2d, directly translates into | A5, 1 | = 0 and 
i—oo ioo ioo i 


therefore sup v < 2d. Taking into account the choice of d, we end up with 
Bi (0) 


fe Se 

P2 
sup 0< e( | (oT )P2dy + i), 
Bı (0) Bi(0) 


where C = C(A ; Dx. n, M, Q, ||g]| rac (ay). 


An argument similar to the preceding one with the function —v, using (43) instead of (42) yields 


2 < e( (f, cna) + i). (53) 


Therefore (45) and (53) yield the desired estimate (40). 


Third step: Boundedness of ù: estimate (41). Firstly we choose some constants we will use for our proof. By (9), we know that 
Q=e+% (Q-4+7.)="41-2 1 > 5. , thus we can find a positive constant à small enough such that 


q- pi-l n q- p1—1 
040 à = E 
Pa a T aud ease. 
D l-à pı 
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Then we can find positive constants B ; Ó small enough such that 


Q 


~~ 04 
Pz c Bcs 
D nm 1+ 


and 8-B-cace-Bráza( +B), 


Q 
S 


where the third inequality implies 


0 — 6+a> a0. 


For the above constants, it follows from (48) 


o—k p2 


r— 


De plår pl < Clr’ Ano] ( f 
kr 


II 0 à B à 
+ Clr — p|»2^ 1 |Ag|*| Aso] + CL Ax s |^ | Ax. 
=l + b + 34. 


In the following estimates we use (49), (50), (??)-(54), and the fact that | Ax p| < |Ak,r| € [As]. 


P2 


p2 ) PL 
p2 E 7 1 P2 
) Ass F1 ( 
r=p 


1 
l =C] Ar «|? | As, "i BAL. SELL 


422 1 
ut C, Pa ( med 


22 
) 


B P2 
< 2 "n |Anr je 5D 1 = 1 P2 Ņ\ EZ : 
k—h r—p 
p2 à 74P2 P2 
I5 =C] Ax, 9: [Ay (Om ĝ- 7 | Ay ol@ |r — p| i 
Ay P2 p2 B+ 22 dB 
«carin laus Nu ril » "Ir — pl? re 


l4 «co, M Lae le e (IL 


I; -C| Agr Ag ol] An ol ae 


1 


< co? CN 
«eat, ( na 


p2\ 0 NP 
) | An, 97 ot? |r — psit ot 


p2 d P2 P2 
) r- ag. 


Let $, , = ©, ,| Ai, |. Collecting (55)-(59), we obtain 


1 


< 6 0a 
— C9; -|An,r| ( k _ h 


p2 pa 


1 
k—h 


p2 2 r2 Pra 
peu ) ral, 


where C depends only on n, q_, Az, P+, ||gll «co (a)- 


pa YP2 » 1 
r-a)" (Io 


i 


To apply Lemma 5.1, taking d > 1 to be chose later and setting k; = d(1— 2~*), r 


a B & YP2 P2 
dy t C|Ak|"|Ax,o|^|r — p| ^*^: 


= 3(14+2- 


(54) 


(55) 


(56) 


(57) 


(58) 


(59) 


(60) 


i), we have kj, — ki = 


12-5, rij1 — ri = 12^. Rewriting (60) with p = ri44,r = ri, k = kii, h = ki and 9; = d^? p, ,., and exploiting again 


the fact that d > 1, we deduce that 


Big, =d” E; 


i+1l;Pi+1 
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2 Cd (P270 gos D gft Ft 4 Cd- 922m 99 
8452 7 
f 4 


< Cri (P2-P1) gip2ð (y 


a g 
where C depends only on n, q—, A+, p+, 8,9, llgllza© (n). We now choose d = 1 +Å Us i redy) ^? | Ao.1|?2, where A will 


P2 


be fixed a bit later. Analogously to the preceding argument we observe that d71'?2~?) < e(M, pi, p2) (1 4 AR P2 M 
The choice of d gives 


Vo = dq P”? / (o = ko)?2dy| Ako ro |? = a Aoa f oP? dy < ACA. 
Akoro Ao,1 


We apply Lemma 5.1 with B = 2P28 > 1,C = c(1 4 Abt (P2=1)) >1,0<a,=8+ F —1 < 6-1 = av. To guarantee 
zi y 
that the condition Vo < (2C y B “ is satisfied, we have to choose the quantity A in such a way that 


1 


GE ~ BP CIT G . ~P 
Ac» = (20) 7B 3, ie. ÃPO+tii D = aeB etm (1 + Apr (02790), (61) 
We note that 3 > 0 which guarantees equation (61) has a unique solution 0 < A < oo. Here A = A(n,q_,M, p+, A+, lll rac» (o))- 
By Lemma 5.1, we conclude that lim 0; = 0, which, noting that lim r; = i and lim k; = d, directly translates into 
i—oo i—oo i—oo 


| Aq,1| = 0 and therefore we deduce that 


a. 


P2 
supóxd-C (/ ea) |Aoil?2 +1, 
Ao,1 


B, (0) 
2 
with C = C(Ã,n,q-, M, p4, À :Ilgllr«c (o). We should note that the constant C may be replaced by a constant C = 
C(n,q ,M,p D s lll rac qo))- B 


Now we turn to prove local boundedness for minimizers of the functional H4. 


Lemma 10 Let v be a minimizer of Hy governed by (38). Then v is locally bounded and satisfies the estimates 


1 


( soras) + CR, 


~ 


1 
sup +v < C| —— 
B g (zo) |Br(xo)| Bng(xo) 


L ä 
P2 A. P2 
sup v< C f ((v — ko) * )? dy | ot + R-+ Ko, (62) 
B g (zo) Bn(xo) R 


for some a > 0, forall ko < sup v, where C = C(n, L,q., M, p 
Bn(zo) 


> 


, llgll naa) 


Proof of Lemma 10 Indeed, by the definition of ? and Lemma 9, it follows 


sup v(r)-—R sup (y) 
eB g (20) y€ B, (0) 
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d. 
p 


< cr( (/ was) + 1) 
Bı (0) 
+\ P2 2 
<cr( T (5) = de +1) 
Bn(zo) R R 


1 
o vtedy) +CR. 
(tan aa ) 


Estimate (62) can be obtained via (41) by a similar argument, taking into account that |Ao R| = R”|Ao,1| and then writing 
v — Ko instead of v. a 


Lemma 11 Let v be a minimizer of H governed by (38). Then for every couple of balls By C B, C Bg having the same 
center zo and for every k € R the following two estimates hold 


v—k p(z) 
/ IVv|* qz < C dz + Crt" 4 Or”, 
Ai Akr 7 P 
and 
v—k p(z) 
| IVv[P qa < C dz + Cr^**^ + Cr”, 
Bip Bkr T p 


with Xo = min a 2-3 c >0, C=C(n,L,p 


> 


s Ilgllza0 (o) 


Proof We employ an argument similar to the one used to obtain (42), obtaining 


p(z) 


=k (x) (x) 
| |VuPPda < C ia dr +C Ir— p Aaa +c f (Ir — pllg|) dz 
Ak.p Akr TTP Ak,r Ak,r 
"T = 
<C dz + C |r — p|?2-7 dz 
Ak,r T—p Ak,r 
Pi 1-2 2i. mie 
+Clr— pl A E (gla + [Agr 
Ak,r 
v—k p(z) 
<C dz + Cr^o*? 4 Cr”. 
Akr IT P 


Now we shall prove Hölder regularity for the minimizers of the functional H4. 


Proof of Theorem 2 Let v be a minimizer of the functional H} governed by (38). Let osc(v, p) = supv — inf v. Due to 
B p 


Lemma 11, one may proceed exactly as in [5, Lemma 4.10], to see that the minimizer v has also an estimate as (4.40) in [5, 
Lemma 4.10]. Again, due to Lemma 10 and proceeding as in [5, Proposition 4.11], we have 


osc(v, p) € e( (5 cos) +p"), Vpo«r« 2: (63) 
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for some 0 < o4 < 1. By a slight modification of proof of [5, Proposition 4.12], (63) gives 
p n-cpaoi 
: lv — l” < (3) | lv — (v)n[*da + Cpt”, 
B, R Bg 


and 


n—p2tp2a 
f VoPOde < c (L) ^^ d |Vv|P dz + Combe, 
B, R Bn 
It follows from Lemma 5.2 that 


f, l0- (nas < contr, 
B 


p 


and 


| [Vou Pdr < Cpr P2tP201 | 
B 


p 
Notice that each of the above inequalities combining with covering theorem implies v € p oc (Q). This concludes the proof. 
a 


6 Holder estimates for minimizers of functional J, 


Proof of Theorem 3 We proceed in five steps. 


First step: Localization. Let 6, < min{p_ — 1, ôo} that will be chosen much smaller a bit later. Fix a ball Br, € Q with the 
property w(8 Ro) < à. Let Bar € Bro. Define p; = max p(x), pı = min p(x). We remark that by continuity of p(x), there 
i AR Ban 
exists xo € B4g, not necessarily the center, such that po = p(xo). Consequently we obtain 
n 
p2—n = w(8R) = 4? 


ô ð ô : 
pol + 7) € p(z)(1-- T e(R)) € p) ^ c QR) € p(e)(1 + 61) in Bn(zo). 
Furthermore we note the localization together with the bound (7) for the modulus of continuity yields for any 8R € Ro < 1: 
—À (  no(R) 
R < exp(nL) = c(n, L), R 1*e89 < c(n, L). 
In the following proofs we consider all the balls with the same center xo. 


Second step: Higher integrability. By our higher integrability result (Proposition 4.1) and localization, it holds that 


1 


|B2R| J Bar 


51 

1 1+7 1 p. 51 

[Vut Har < Co ( [Vuja] +o (1 + dg 6* ) dz. 
|Bor| Bor | Bar| Big 


Third step: Freezing. Let v € WP? (Bg) with v — u € WẸ”? (Bg) be a minimizer of the functional 


G(v) = ee f (xo, Vu)da = [a h(Vv)da. 
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Note that by Remark 1 and the growth condition (4), we obtain the following estimate for the p» energy of v 


| |Vv|P2dz < rf (1+ |Vu|??)dz < oo. (64) 
Br Br 
Moreover, in view of [14, Lemma 3.1], there exist C = C (p+, L), 62 = ós(ps., L) with 0 < do < a such that 
1 Ts 1 d 1 i 
2 P2 q 
(ma Qr) <C (ma Voaz) +C (ua uL ; (65) 
[Bn] Jp, |Bn] Jp |Bon| J Bar 


for q = po(1+ à) > p». By the proof of Theorem 2, and the boundedness of v, which is guaranteed by the boundedness of u, 
that there exists some a2 € (0, 1) such that 


n—p2+p2a 
T [Vo|P?dz < c(£) TAS d |Vv|P2dz + Cp™ P2tP202 (66) 
B B 


Pp R 


for any p with 2p « R. 
Fourth step: Comparison estimate. We prove the following comparison estimate 


P2 


2 2 2222 2 1 0 0 
| (uo + |Vu|* + |Vo|*) = |Vu — Vol às < C (u(n) oe (x. +R° +R J f (1 + |Vul??)da 
Br B 


4R 


1 
+ Cw(R) log (g)R^ + CR” +CR*, (67) 
for some 0 < Ay < n, A2 > n, àg > m. 
A similar argument to the one in [4, (4.10)] yields 
| (h(Vu) — h(Vv))dz > cf (u? + | Vu + |Vv[2) F |vu — Vol2de. (68) 
Br Br 


On the other hand, we derive 


f (h(Vu) — h(Vv))da xii (Cf (zo, Vu) — Je Vu)az  [ (Cf (x, Vu) — f(a, Vv))dx 
Bg Bn 


Bn 
a f (F(a, Vv) — Fea, Vo) de 
_ 7) 4 7) 4 70), (69) 


We estimate J‘), using the continuity of the integrand with respect to the variable x (see (2.3)), 


ID «C | wlle—aol)((u2 + |Vu) $^ + (u? + |Vul?)*) (1 + [log(u? + |Vu|?)])dz. 
Br 


Arguing exactly as [4, Section 4], we obtain 


IO <Cw(R) Í [Vul?? log(e + IlVul?]l zi (5, dz 
Bn 


«cou | \Vul?? log (e p E - Co( R)R^ 
ib (Vultee) ' 


=i) 4 di", 
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with 


1 
19 < Cu(R) log (=) | (1 + |Vu|?2)dz. 


Now we estimate I. (0) , using first [14, (3.3)], which is a basic estimate for the L log L norm, then exploiting higher integrability, 


1 


1 
Lf upside) E 


IBr| Jap 
1 


af 

E] 

< Cw(R)R” + Cw(R)R” (ma vapor natas m 
|Bn| Jen 


I) < C(p2, 6)w(R)R” ( 
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= coa) f (1+ |Vu|?2)dz + Co(R)R^, 
Bor 


where A; = n TEN tn[ z- zaU + 5). Notice that à < ôo < q- (1 — =) — 1, therefore 0 < A, < n. 


Thus, all together we obtain 


I € Cu(R) log (g) ( 


(1 + |Vu|?2)dz + m) (70) 


2R 


We shall estimate I(?). By the minimizing property of u and arguing as in Section 4, we have 


I9 < | (F (v) — Fy(u) + g(v — u))dax 


<C p-upaz+ f g(v — u)dx 
Bn Br 
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where in the last but one inequality we used Young’ inequality with C(e,) = C ( 2 ) eee Bac < C ( ) mm pay 
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and C(é2) = C ( 1 Bet. 


£2p2 p2 


Choosing 04,05 > 0 small enough such that 0 < 04 < pg and 0 < 05 < npa( — D) and setting e; = R”, we have 


IO « (R^. 4 Res) [ [Vu — Vuds + CR'* 57 zs 4 ORM ta Ioh 
Br 
< C(R” + Res) [ (Vol? + | Vu|?)dz + CR* + OR, 
R 
< C(R® + R®) | (1+ |Vu[*2)dz + CR? + CR*, 
Br 
where A2 = n + 227 — 1 > n,A3 =ni + ZA (i z- )] Dm > n and in the last inequality we used (64). 


We deal with J‘) in a similar way to J“), Estimating in exactly the same way as in (70) with v instead of u and doing the 
same splitting into J“ to I), we use higher integrability of v and u ((65) and Proposition 4.1) to obtain 
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where in the last inequality we used the estimate for i) to handle the second term since we assume that Bar € B n, at the 
4 
beginning of the third step. All together we end up with 


19) < Cu(R) log (4) ( 1 (1 + | Vuj2)dz + P.) (71) 
B. 


From (68) to (71), one may obtain (67). 


AR 


Fifth step: Conclusion. Now we turn to prove a decay estimate for the p» energy of u. We split as follows: 


f [Vu da < f (u? + |Vul?) 2 dx 
Bp ? 
P2 


< cf (u? + |Vv|2) 2 dz + cf (u? + |Vul? + |vv[?) = |Vu — Vo|?da 
B, B, 


—A 4 B, 
where C > 0 depends only in pə. 


For A, we deduce from (64) and (66) that 


ASOF + cf IVulP2da 
Bp 
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p n—p2-cp2o2 
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R Br 
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For B, by the comparison estimate (67), it follows that 


1 1 
B< c(a log iz) 4 R^ 4 nt) Í (1 + |Vul?2)da + Cw(R) log (PE TR + Rs, 
Bar 
Note that Ay < n < A», As, then we have 
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On the other hand, by (9) we have n(1 "m T 11) > n — ps, therefore we may choose 6; and a2 small enough such that 
=n TEN + n(1 = Da (1+ 61)) ne > n — p2 + pod. Thus 


n—p2tp2a 1 
f vues < c( (2) PT + OCR) log (5) + R” +R) f (1+ |Vu|P2)dz + CR” -P2tP202, 
Bp R R B 


4R 


In order to apply Lemma 5.2, we may take Rı > 0 small enough such that w( R) log (3) + R?: + R? smaller that p in Lemma 
5.2 for any 0 < R < Ri. Thus there holds 


f [Vu|??dz < OF ie a < Cy ees 
B 


p 


for any 0 < o3 < ag. By a standard covering argument we deduce that u € p pq where £?^(Q) denotes 
Campanato's spaces, the definition of which can be find in [6], for instance. Poincaré inequality and a well-known property of 


functions in Campanato's spaces (see [6] for instance) imply that u € Gr QE (Q). 


7 C!* estimates for minimizers of 7,(7 € (0,1]) 


Proof of Theorem 4 (0 < y < 1) The proof consists of three steps. 


n _pi_ 1+63 
q- pi-1 4453 
let ô = min{dp, 61, 02,03]. We adopt the same localization argument as the proof of Theorem 2.3. In this case all the balls 
Bor and the exponents pı, p» that we consider here are the same as in the proof of Theorem 2.3 (replace ô with ô in Section 


6). Let v € WP? (Bg) with v — u € WẸ”? (Bg) be a minimizer of the functional 


First step: localization and freezing. Firstly, by (2.10), we can choose 63 > 0 small enough such that ¢ > . Now 


Golv) = |. f(zo, Vo)de = f(Vv)dz. (72) 


Bn 
We note that since v is a minimizer of the functional Go with boundary data u in OBg, where u|ap,, is the trace of a Hólder 


continuous function. By Theorem 7.8 in [6], we conclude that v € C':^4 for some o4 € (0, 1). Therefore, for the rest of the 
proof we assume that 


Iv(z) = v(y)| S [v]a]z — y|" < Cla — y|“, 
holds for all x, y € Bg. We remark that for simplicity we will use the same Hóler exponent for the functions v and u, which is 


not restrictive. Let us remark that, since v minimizes the functional (72), by the growth condition (4), higher integrability and 
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Remark 3.2, we obtain the following estimate for the p» energy of v 
| |Vo|?2dz < p (1-4 |Vu|??)dz < oo. (73) 
R R 
Second step: Comparison estimate. We will show that 
| |Vu — Vv[?dz < CRF | (1+ |Vu|??)dz, (74) 
Br Bar 


for some 05 > 0. 


Firstly we prove 


Go(u) — Go(v) € c(a log e +R” + nt) | (1 + |Vul??)da 


4R 


1 
+ Cw(R) log (p)R™ + CR? +CR*, (75) 


for some 0 < Ay < n, A2 > n, Ag > n. 


Indeed, since u is a minimizer of the functional (2), we obtain 


(a, Vu)da < (a, Vu)da «f 
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Arguing as I), I), T2 in Section 6, we obtain 
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Bar 
n ó 
where 0 < Ay =n — epo EET « n. 
IG 4 I) < C(R” + R”) Í (1+ |Vu[?2)dz + CR? + CR, (78) 
Br 
where Ap =n + Ta — t >n, àz =n(1+ Ae z )) m >n. 


Therefore we may conclude (75) from (76) to (78). 


Since ç > 


n pi 1+6 > n Pi 1+ô 
q- politi We may choose 03 > 0 small enough such that ç > a m11? 


0 < 04 < 63 such that 


+ 03. Again we may choose 


S + à1 — 04 > n + b3 — 04 >n. (79) 
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By the assumption that w( R) < LRS, we get 
l3 5X € PA1 p—64 pó 1 
w(R) log (g)R 1 < LRRYR"R ‘log (5) 
SOLR PIM, (80) 
for R small enough. 


We deduce from (75), (79) and (80) that 


Golu) — Golv) < CR | (1 + [VulP*)der, 


Bar 


where 0 < 05 = 05(61, 02, 93, 04, 31, A2, A3, t, q—, p+, S, 0), C is independent of 05 and y. 


Since the grand is of class C?, we conclude from [14, pp131, 137-138] that 


| |Vu — Vv|*:dz < CRE I (1+ |Vu|?2)dz, (81) 
Br Bar 


which completes the proof of (74). 


Third step: Conclusion. Firstly applying Jensen inequality we get 
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Secondly, by [14, (3.20)], we have 
: J |Vv — (Vv), "2d sop. À 1 (1+ |Vv|?2)d (83) 
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where C > 0,0 < 8 < 1 and both C and 8 depend only on p+, L. 
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Now combining comparison estimate with (74) and (82), we deduce for any 0 < p < R < R 


f |Vu-— (Vu), Pade < e( | |Vu — Vol? + |Vv — (Vo) pi + (Vv), — (vias) 
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< e( f Vu- Vode + f [Vo — (voyez) 
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n4-B b 
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On the other hand, we obtain (see [14, pp133] for more details), 


1 


2 p 2 n 
3 [Vo|P?dz < c( (4) +w(R) les (3) ) f |Vv|??dz + CR". 
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Therefore it follows from (73) that 


f vuas<c( f Voaz + f ur) 
B B Bn 
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n 1 5 
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Thus for small R, applying Lemma 5.2, we obtain 


f |\Vul?2?da € Cp"77, 
B 


P 


for any 7 € (0,1). 


Now let p = i R!+®s with 0g = CES and let 7 = + B pars . Then we deduce from (84) that 


| |Vu — (Vu),|??dz < Cp”, 
B 


P 


with 07 = n+ eee eae Since we can choose 05 sufficient small, thus we conclude that Du € Cr with a = 1— ar : 
n+Bp2+2 = 
which completes the proof of Theorem 2.4 with 0 < y < 1. L| 


8 Log-Lipschitz estimates for minimizers of Jo 


Proof of Theorem 4 (y = 0) We proceed along the lines of proof in Section 7. Notice that Ap = n + A = — zn — n with 
^y — 0. Therefore (81) becomes 


f |Vu — Vv|?:dz < CRE I (1+ |VulP2)da + CR”, 
Br Bar 


where 0 < 05 = 0; (01, 02, 03, 04, A1, A3, n, q 5, p+, 6, 0), C is independent of 07. 


Thus, (83) becomes 
f [Vu — (Vu) p|??da <C 
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( 
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p n+ Bp» [/4 
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where C depends on M. 


Now Lemma 5.2 implies fẹ |Vu — (Vu),|?2da < Cp”, which shows that the gradient of u lies in BMO space and for any 
fixed subdomain Q’ € Q, there holds 


> 


[Vull aoa) < C(Q',n, p+, :Megllrac oy; M). 
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Then arguing exactly as in [1], one has 


|u(a) — u(xo)| S Cla — zo] - |log |æ — xoll. 


The proof of Theorem 2.4 is concluded. [| 


Remark 2 Jt should be mentioned that the regularity results in [4], where Ekeland's variational principle was applied to the 
establishment of regularity in the obstacle problem associated with the functional Is f (2, u, Vu)dz, are stronger than the 
corresponding one in [5]. We believe that Ekeland's variational principle can be also applied to the following heterogeneous, 
two-phase free boundary problem 


f (f(x, u, Vu) + F,(u) + gu)dx — min, 


under non-standard growth conditions, and obtain stronger regularities than the results in this paper. 
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